In this paper, the problem of hybrid modelling and control of a fixed frequency DC-DC converter, namely the Non-inverting Buck-Boost converter is addressed. The v-resolution method is used to capture the hybrid nature of the system. Two mixed logical dynamical (MLD) models are obtained for the converter using hybrid systems description language (HYSDEL). In the process of using v-resolution concept, the problem of non-linear terms in state update equations is solved using piecewise affine approximation. Three PWA models are obtained using least squares fitting over non-linear dynamics of the system. A suitable model in terms of accuracy and complexity is chosen for controller design. Model predictive control is used as the control strategy and explicit solution to the control problem is obtained. Finally, the simulation results are presented. The accuracy and complexity of the models are compared and the performance of the controller is evaluated over three different scenarios which are common in practice.
Introduction
In the past decades, the growing demand for delivering electric power in various forms and with high performance and reliability has had a great impact on power electronics. Various areas of power electronics including power devices, circuit design and control methods have undergone rapid development. In this stream, various control strategies have been proposed to achieve high performance and at the same time, low cost power converters and a bridge between has been made automatic control and power electronics communities. DC-DC converters are extensively used in different applications ranging from space and medical applications to DC motor derives and many others because of their advantages, such as light weight, small size and high reliability.
Because of the type of non-linearity in the mathematical model of DC-DC converters, the controller design has become an attractive topic in automatic control community. Various control techniques ranging from linear control based on linearised model (Leung et al., 1991) to passivity based control (Sira-Ramirez et al., 1997) and sliding mode (Sira-Ramirez, 2003) have been proposed to deal with the problem. The reader is referred to Sira-Ramirez and Silva-Ortigoza (2006) and Geyer (2005) for more information on the various control methods. Most of the methods use simplified model of the converter which in turn reduce the validity of the controller for practical applications.
The difficulty of controlling DC-DC converters stems from their hybrid nature. External signals change discrete variables of converters between two or more discrete states. The system has a specific continuous dynamics in each state. Thus, these systems can be categorised as hybrid systems with controlled switching (Branicky, 1995) . Considering the hybrid nature of the converters, Senesky et al. (2003) proposed a controller based on a hybrid automation model of the Boost converter. A non-linear model predictive control (NMPC) was used based on the non-linear average model (Middlebrook and Cuk, 1976) of the converter in Lazar and Keyser (2004) . Another problem in designing DC-DC converters rises from introducing constraints in the design process. These constraints can be hard, such as constraints on duty cycle value or soft such as security constraints imposed on the inductor current.
Model predictive control of hybrid systems has proved its power in controlling systems with hybrid nature and subject to various constraints (Morari and Baric, 2006) . Online MPC has been successfully tested on Buck and Boost DC-DC converters in Geyer et al. (2004) and Beccuti et al. (2005) . The main drawback of this approach is the problem of solving an optimisation problem in each step time. Because of the high rate of sampling and the demand for low cost converters, this approach is not realistic. Solution to the problem of online computational burden is explicit hybrid control (Borrelli, 2002) . Explicit hybrid control was tested on Buck and Boost converters in Papafotiou et al. (2004) and Beccuti et al. (2006) . Control of DC-DC converters can be achieved only based on output voltage measurements, but some knowledge of inductor current can substantially improve the performance of the system. All methods of hybrid control use inductor current in feedback loop that in turn increase hardware complexity and cost of the converter. Two methods that use computations based on input and output voltage measurements to estimate inductor current were proposed in Mariethoz et al. (2008) . The validity and performance of the explicit method was proved by experimental results for Buck and Boost in Mariethoz et al. (2008) and Beccuti et al. (2007) respectively. This paper sketches the works that have been done on Buck and Boost DC-DC converters in Papafotiou et al. (2004) and Beccuti et al. (2006) to Non-inverting Buck-Boost converter. This converter can provide an output voltage below and above the source voltage. Its main advantage is that the provided output voltage has the same polarity of the source because of its specific topology utilising four switches (Figure 1) . The switches are dependent and make two distinct topologies. Thus, the converter can be categorised as a mono-variable converter (Sira-Ramirez and Silva-Ortigoza, 2006) . The main control objective here is to control the semiconductor switches (Figure 1 ) such that the DC component of the output voltage reaches a specific reference value. This must be done in the presence of changes of the source voltage and the load resistance.
The rest of the paper is organised as follows. Firstly, the physical set-up of the converter is shown and hybrid automaton model of the system is obtained in Section 2.1. In Section 2.2, v-resolution method is explained and piecewise affine (PWA) approximation is explained in Section 2.3 as a method of solving the problem of non-linear terms in state update equations of the model. Mixed logical dynamical (MLD) framework is used in Section 2.4 to integrate all the three dynamics of the system that will be explained in one model and it is explained how hybrid systems description language (HYSDEL) is used to obtain matrices of the model. PWA model is another modelling framework which is used to model the converter and it is explained in Section 2.5. Control objectives and strategy are explained in Section 3.1. Finally, simulation results are presented to check the validity of the models and the performance of the controlled system. In the first part of this section, simulation results are presented for the obtained models. Performance of the controlled system is evaluated under three different scenarios namely start-up, change in the load resistance and change in the source voltage.
Modelling for controller design purposes

Physical set-up and hybrid automata model
The physical set-up for the synchronous Non-inverting Buck-Boost converter is shown in Figure 1 . It is assumed that the converter works in the continuous conduction mode (CCM). In the set-up R, L and C denote load resistance, inductance and capacitance, respectively. r L and r C are parasitic elements of the inductor and capacitor and v s is the input voltage. The converter including its switches has two distinct dynamical modes. The duty cycle which is a variable bounded between zero and one determines how long each of the dynamics is in charge. At the beginning of the first interval ( ( ( ) ) ) , (Figure 2 ) which means S1 and S3 are ON and S2 and S4 are OFF (Figure 1 ). At the end of the first interval, all the switches in Figure 1 toggle (switches in Figure 2 change to u = 0) and the dynamic of the system changes. In the second interval, the inequality (
as the state vector, where i L (t) is the inductor is current and v C (t) is the capacitor voltage, the dynamics of the system can be defined by the following affine continuous time state space equations:
Where matrices F i and f i can be found by Kirchhoff's laws and simple mathematical operations. The first dynamic of the system is active at the beginning of each period. At the end of the first interval ( ( ( ) ) ) , s s kT t k d k T ≤ < + a transition occurs and the second dynamic becomes active. The hybrid automaton model for the converter can be easily found. This model of the system has two locations (Senesky et al., 2003) (Figure 3 ). 
In the hybrid automaton model, G 1 and G 2 are the guards of the model which are:
q 1 and q 2 are discrete states and:
In this paper, time scale and state variable transformation are normalised. Normalisation has several advantages (Sira-Ramirez and Silva-Ortigoza, 2006). For example, it simplifies the mathematical description of the system by eliminating superfluous parameters. Only those parameters which are responsible for important qualitative changes in system behaviour will remain in the mathematical model. Simulation runs on normalised models facilitates mathematical operations for the processor. It eliminates the stiffness that is present in most power electronic devices models which are caused by small capacitance and inductance values. Geyer et al. (2004) as a modelling strategy to capture the hybrid nature of the synchronous DC-DC converters. This modelling method provides a discrete time model which can be easily implemented in control design strategies. It also gives intermediate values of the state variables which can be used for imposing constraints. This is particularly important for inductor current whose value can change drastically inside a period. Measuring inductor currents at the beginning and the end of the period cannot provide enough information for applying constraints. In v-resolution, the period of T s is divided into v sub-periods of duration τ s = T s /v with v N ∈ and v > 2. States which are sampled in the period are denoted by ξ(n). The v-resolution model gets x(k) and assigns it to ξ(0). Then, a dynamic should be chosen to determine the transition to ξ(1) which (1) ( (0) Three dynamics can be used for the function f in ( 1) ( ( ), ) n f n d ξ ξ + = which are denoted by D1, D2 and D3. D1 and D2 are discrete dynamics of the system with sampling time T s /3, when switches are in u = 1 and u = 0 respectively. The method of averaging (Middlebrook and Cuk, 1976 ) is used to find the third dynamic, therefore, the third dynamic can be written as:
v-resolution model v-resolution model was first introduced in
This equation is non-linear because of the multiplicative terms of state and duty cycle. In order to determine the dynamic which is in charge of state evolution, we need to define some binary variables first:
Figure 5 shows the binary variables for v = 3. Based on obtained binary variables, state update equations can be written as:
PWA approximation
As mentioned in Section 2.2, the average model of the converter contains non-linear terms which need to be linearised before using in the HYSDEL codes. The method of PWA approximation (Rodrigues and How, 2001 ) is used to solve the problem of non-linearity. The first step in PWA approximation is to determine the variation range of the variables of non-linear terms. Non-linear terms are multiplications of the duty cycle which are state variables. The variation range of the state variables can be found using the hybrid automaton model of the system. After applying a sequence of duty cycles to the hybrid automaton of the system, the variable variations are observed to be [ 6, 12] L i ∈ − and [ 2, 4] .
The next step in PWA approximation is to partition the domain space of the non-linear terms to sufficient number of polytopes ( Figure 6 ) and then to find the inequalities that define the partitions in the form of: Here, each domain is partitioned into 18 (3 × 6) and 24 (3 × 8) partitions for models MLD1 and MLD2, respectively. The last step in PWA approximation is to find the PWA equation which can best fit the non-linear terms in its corresponding partition and to determine its equation. Figure 7 shows the non-linear term and its PWA approximations in the first third of the period. 
MLD framework
An appropriate modelling framework is now needed to describe the three explained dynamics for the system which were explained in Section 2.2 and finally derived in (8) in one model, a model which is capable to be used in the control design process. MLD framework was introduced by Bemporad and Morari (1999) which has been considered as a foundation for addressing different problems in hybrid systems ranging from control design to verification and state estimation. In MLD framework, the evolution of the system is governed by discrete time mixed integer linear dynamics subject to mixed integer linear inequalities. The idea of using mixed integer programming to control dynamical systems has first appeared in Tyler and Morari (1999) and this idea is used in MLD framework to solve the optimal control problem of hybrid systems. MLD framework eases the problem by providing a device to transform optimal control problem of the hybrid systems to mixed integer optimisation problems. Switching between dynamics and jumping in state values are phenomena that occur in hybrid systems and can be modelled in MLD framework. Generally speaking, MLD models can be shown with the following equalities and inequalities: ( 1) (
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Where t Z ∈ is time label and x, y and u are states, outputs and inputs respectively which have the form: 
As it is described, MLD framework provides a model of hybrid system which is well-suited for optimal control design. HYSDEL programming language was developed for convenient modelling of systems in MLD framework (Torrisi and Bemporad, 2004) . This programming language gets dynamical description of the system as a high level language and provides matrices A, B i , C, D i and E i of the MLD model. HYSDEL is used here to produce MLD model of the converter.
PWA model
Another method of DC-DC converter modelling (the other methods that were used are hybrid automata and MLD modelling) which is used here results in PWA model of the system. This method was first introduced in Beccuti et al. (2006) for hybrid modelling of a Boost converter to be used in an optimal control problem. A discrete time model of the system is obtained by employing a sampling interval equal to the switching period T s . The least square fitting (LSF) over several regions of the exact system update equation is used to obtain PWA description of the non-linear dynamic. The system equation was obtained by integrating (1) from t = k to t = k + 1: Equation (12) can be written as:
Where ( ( 1) (
To determine , 
and max C v are determined by checking state variable deviations of the hybrid automaton model of the system which was obtained in Section 2.1 under changes of duty cycle.
The control problem
Control objectives and strategy
The main control objective of the converter is to derive DC component of the output voltage to its reference value as fast and with as little overshoot as possible. The control must be done in the presence of source voltage and load resistance changes. These are control objectives for the transient response of the controlled system. It must also have an acceptable error in steady state. Also, the controller should produce constant value for duty cycle in the steady state to prevent chattering (subharmonic oscillations).
Basically, two control methods can be used for controlling DC-DC converters: voltage mode control and current mode control. The capacitor voltage of the Non-inverting Buck-Boost converter has two possible solutions for a specific reference value of output voltage which results in two optimal points for the cost function. In one of these optimal points, system works with high value of inductor current which is undesirable and also decreases performance of the converter. Also, v C exhibits non-minimum phase behaviour. Thus, current mode control is used to bypass these problems. The controller is designed in order to derive inductor current to its reference value. Reference value of inductor current can be computed based on known values of capacitor voltage reference, source voltage and load resistance. This strategy also makes the use of feed forward loops possible to better alleviate disturbance effects.
Model predictive control
MPC is the only advanced control strategy that has had a significant impact on industry and its simplicity made it so popular. MPC has been widely accepted as a control tool because of its ability to deal with constraint and multivariable systems. MPC uses the model of the system to predict future behaviour of the plant to use in a cost function to predict future performance. This strategy computes a sequence of control signals by solving an optimisation problem based on predicted performance and some measurements on the plant in each step. Thus, given the model of the plant, one only needs to formulate an adjective function based on control objectives. Each sampling time ideally, a constraint infinite time optimal control (CITOC) should be solved as the optimisation problem. Because in general, a simple closed form solution for CITOC problem does not exist, it can be simplified by defining a finite horizon and approximate CITOC problem with a constraint finite time optimal control (CFTOC) problem.
CFTOC problem and the online solution
The control objective is to regulate DC component of the output voltage to its reference value which is equivalent to regulate inductor current to its calculated reference value. In practice, this reference value can be achieved by incorporating a PI controller. Thus,
is in the objective function. To prevent unwanted chattering, a term also is added to objective function that penalises the change of duty cycle in two consecutive steps
Thus, the error vector can be defined as:
Thus, the objective function can be defined as follows:
in which the penalty matrix is Q = diag(q1, q2). Q penalises ε(k + l, k) over finite horizon L. The online method involves repeated solution of the optimisation problem in each period. Thus, this method is confined to those problems that the solution of the optimisation problem can be obtained in one period.
CFTOC problem and the explicit solution
The main drawback of online solution to the problem of CFTOC is its computational burden which limits the method to plants whose optimisation problem can be solved in one step. The online solution is particularly not applicable for DC-DC converters which mostly work with sampling times around micro seconds. Also, using a processor to solve the optimisation problem is not cost effective. This problem is solved by carrying the computational burden of the optimisation problem offline and using explicit solution. Recently, it was shown that the problem of CFTOC of PWA systems can be reformulated as a multi-parametric program by treating the state vector as parameters (Baotic et al., 2003; Borrelli, 2003) .
The optimal state feedback law can be expressed in PWA format (Borrelli, 2003) as follows:
H j and K j define polyhedral partitions of state space. F j and g j are the values of the PWA control law.
The state feedback law
Multi-parametric toolbox (MPT) (Kvasnica et al., 2004 ) is used to find the explicit solution of the MPC problem. MPT is also used to merge regions which contain the same expressions of the control law. This results in a controller with the same laws over reduced number of partitions. Because normalisation is used in the authors' approach, the dependence of control law on v s is removed, thus, the partitions can be viewed in three-dimensional state space. Simplified partition of the explicit solution is shown in Figure 8 . Implementing this state feedback in real applications is straightforward. This can be simply done by determining the partition of measured state and finding its corresponding affine control law from a look-up table with a micro-control based hardware. The control law is originally of the form ( ) ( , , ( 1))
and can be drawn in a four-dimensional space. Figure 9 visualises the state feedback law for a specific value of d(k -1). This is done to reduce the dimension of the PWA function by removing one of its parameters. 
Simulation results
Simulation results for modelling
In this section, based on explained methods, different hybrid models are obtained and a suitable model in terms of accuracy and complexity is chosen. Obtained hybrid models of the converter will be used in control design. Simulations over static behaviour of different obtained models will be used to choose the model. In this process, a prominent factor is the complexity of the models. Two MLD and three PWA models are obtained which are different in complexity and accuracy because of the number of regions used in PWA approximation.
Inductance and capacitance are chosen to be 1 p.u. and 5 p.u. respectively. Parasitic elements are 0.005 p.u. and 0.08 p.u. for capacitor equivalent series resistor (ESR) and inductor resistance. Source voltage and load resistance are reference values and therefore are 1 p.u. finally switching is chosen to be 20 KHz.
Obtained models
HYSDEL is used to obtain two MLD models with different numbers of PWA approximation regions which in turn cause models with different accuracy and complexity. MLD1 is obtained by using 18 regions (six regions in each of three subperiods) for approximating non-linear terms i L × (d -n/v) and v C × (d -n/v) of the average model. MLD2 is obtained by using 24 (3 × 8) regions. Table 1 shows the comparison between complexities of the two MLD models. Three PWA models are also obtained using LSF of PWA models on non-linear exact mapping model. v (number of PWA dynamics) is used as a parameter to produce models with different levels of accuracy and complexity. Table 2 shows a comparison between the complexities of the PWA models. 
Static behaviour of the models
In this section, static behaviour of the models are compared. To find static behaviour, different values of duty cycle have been applied to the models and state variables have been saved in steady state. In Figure 10 , static behaviour of capacitor voltage of MLD models are compared. Although MLD2 is a model with good accuracy (Figure 10 ), as it is seen in Table 1 , it is too complex to be used in control design process. In Figure 11 , static behaviours of capacitor voltage of three PWA models are compared. The models MLD1 and PWA3 can be considered as good choices in terms of accuracy and complexity. As it is seen in Figure 11 , PWA models are mostly different for duty cycle higher than the pick point around 0.8. For a specific reference voltage, two duty cycles can be found which one of them has duty cycle value larger than the pick point with large values of inductor current which results in degraded performance of the system, thus, duty cycles lower than pick point are used and models should have good accuracy in this interval. As it is seen in Figure 11 , three PWA models are almost the same in the interval between zero and 0.8. Therefore, a good choice is the model with the least complexity. In Figure 12 and Figure 13 , comparison between static behaviour of inductor current and capacitor voltage of the hybrid automaton, the selected MLD and the selected PWA models in steady state, are presented. As complexity of the controller depends exponentially on the complexity of the model and because the change of parameters of the converter during the operation is inevitable, the accuracy of the model is of relative importance. Therefore, PWA model makes a good choice for the controller design. 
Simulation results for the controller design
The non-linear model is approximated by 3 PWA dynamics (v = 3) on grided state space of [-6, 12 ] × [-2, 4]. The bounds of state space were obtained by running hybrid automaton model of the converter with a sequence of duty cycle to incorporate state variations for different scenarios of duty cycle change. Explicit MPC controller was obtained which resulted in 129 regions for PWA feedback and 70 regions after simplification (Figure 8 ).
Simulation scenarios
Three scenarios namely start-up, load resistance change and source voltage change which are common in practice are chosen (Beccuti et al., 2005) . In start-up scenario, the system starts with zero values for inductor current and capacitor voltage. Disturbances that can affect the system are changed in the load resistance and source voltage. The responses of the controller to these disturbances are also shown.
In all the figures, the quantities are in per unit and one can use simple multiplication to find real values. Also, in all the figures, Figure A In this paper, current mode control was used to bypass non-minimum phase behaviour of the capacitor voltage. This problem also can be solved by choosing long prediction horizon (N = 30) and the Move Blocking strategy can be used to reduce complexity of the controller (Beccuti et al., 2007) . It is also desirable to eliminate inductor current sensor for some reasons (Mariethoz et al., 2008) , thus, sensorless control method which was recently introduced (Mariethoz et al., 2008) can be a topic for future research. Also, implementing the obtained controller using MPT code generator on hardware can be a topic of future works.
